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We study transport phenomena of total angular momentum in holography, as a first step toward
holographic understanding of spin transport phenomena. Spin current, which has both the local
Lorentz index for spins and the space-time vector index for current, couples naturally to the bulk
spin connection. Therefore the bulk spin connection becomes the source for the boundary spin
current. This allows us to evaluate the spin current holographically, with a relation to the stress
tensor and metric fluctuations in the bulk. We examine the spin transport coefficients and the
thermal spin Hall conductivity in a simple holographic setup.
Introduction
Spintronics is a technology where we manipulate
the intrinsic electron spin degrees of freedom instead
of the electric charge [1, 2]. In ferromagnetic/anti-
ferromagnetic materials, spin-charge separation can oc-
cur and in such a situation, it is useful to consider spin
as an independent degree of freedom which carries infor-
mation. Because electric charge transport is not involved
there, spin devices can reduce power consumption com-
pared to usual electric ones, and exceed the velocity limit
of the electron charge. This spintronics is actually used
widely, for example, for read-heads of hard-drives, and
is based on a recent development of experimental tech-
nologies manipulating imbalance between up-spins and
down-spins. For these reasons, spin transport phenom-
ena have been attracting special interest recently.
Recent research on the spin transport basically relies
on one-body quantum mechanical analyses, especially in
the presence of a spin-orbit interaction. However, in
strongly correlated systems, we have to go beyond the
one-body physics by treating the interaction effect se-
riously. In this paper, we propose a method to study
the spin transport phenomena for strongly correlated sys-
tems by using the holography, i.e., gauge/gravity corre-
spondence [3–5]. The method of holography is one of the
most useful tools to study strongly correlated quantum
field theories. While there are some attempts to include
effects of spins in holography, e.g., Refs. [6–14], study of
spin transport itself has not yet been performed in the
literature. To discuss the spin degrees of freedom, we
first show a definition of spin current from a relativistic
field theoretical viewpoint as a conserved No¨ther’s cur-
rent. Then with this definition, we show how to deal
with the spin transport coefficients from the holographic
viewpoint. The key point is that the spin connection is
naturally regarded as a source for the spin current. We
demonstrate a holographic treatment of the spin trans-
∗Electronic address: koji@phys.sci.osaka-u.ac.jp
†Electronic address: iizuka@yukawa.kyoto-u.ac.jp
‡Electronic address: taro.kimura@riken.jp
FIG. 1: (a) The charge current is just the total contribution of
up- and down-spin currents ~J = ~J↑+ ~J↓. (b) The spin current
is given by difference between them, ~Jz =
1
2
( ~J↑ − ~J↓). This
picture is available if and only if z-direction spin is conserved.
port, on a “boosted” Schwarzschild black brane back-
ground in AdS, and we calculate a spin transport coeffi-
cient and a thermal spin Hall conductivity.
Spin current
The spin current is, as the name suggests, a flow of the
intrinsic spin degrees of freedom, instead of the electric
charge. If z-spin is conserved, namely a good quantum
number, we can apply a naive definition of the spin cur-
rent,
~Jz =
1
2
(
~J↑ − ~J↓
)
. (1)
This means that the spin current is given by the difference
between flows of up- and down-spins, ~J↑ and ~J↓, while
the electric current is the total contribution of them,
~J = ~J↑ + ~J↓, as shown in Fig. 1. This definition (1)
corresponds to the Schwinger representation of the spin
operator, ~s = 12ψ
†~σψ.
The expression (1) is available if and only if the spin
is conserved or, at least, approximately conserved [31].
However generically the electron spin is not conserved
by itself, due to the spin-orbit interaction. Therefore the
naive definition of the spin current (1) has to be modified
in the presence of such an effect.
First we consider how to define the spin current from
the field theoretical point of view. Let us recall the
treatment of conserved currents in the context of quan-
tum field theories. A conserved current is defined as a
variation of an action with respect to the corresponding
ar
X
iv
:1
30
4.
31
26
v2
  [
he
p-
th]
  7
 A
pr
 20
15
2source. For example, the electric current Jµ is derived
by differentiating an action with respect to a U(1) gauge
field,
Jµ =
δS
δAµ
. (2)
Conservation of Jµ is guaranteed by No¨ther’s theorem,
associated with a U(1) gauge symmetry,
∂µJ
µ = 0. (3)
In the weak coupling limit of a U(1) gauge theory, the
U(1) local symmetry reduces to a global one. The Aµ
becomes a non-dynamical background gauge potential,
which is a source, and the Jµ becomes a global current.
In this limit, the global U(1) current Jµ couples to the
source Aµ in the Lagrangian as Lsource = AµJµ. There-
fore, the U(1) current Jµ is obtained by differentiating
the action with respect to its source Aµ.
Similarly a stress tensor is given by a variation of an
action with respect to a metric,
Tµν =
1√−g
δS
δgµν
. (4)
The conservation of energy and momentum
∂µT
µν = 0 (5)
comes from the translation invariance in temporal and
spatial directions, respectively. In the weak gravity limit
(where gravity is decoupled), non-dynamical background
metric gµν becomes a source for the stress-tensor, and
they couple as Lsource = gµνTµν in the Lagrangian.
In this way, in order to obtain a conserved quantity, we
have to introduce a corresponding field (or source) which
couples to the conserved quantity. For the case of the
spin current Jµ
aˆbˆ
, our claim is that the spin connection
ω aˆbˆµ is the corresponding field (source). This implies that
they couple as Lsource = ω aˆbˆµ Jµaˆbˆ in the Lagrangian. By
differentiating an action with respect to the spin connec-
tion, we can obtain the spin current.
To see why it is so, let us recall the nature of spin.
The spin operator saˆ = σaˆ/2 has an index aˆ for the ori-
entation of the spin. Here the hatted index aˆ takes only
a spatial coordinate as aˆ = xˆ, yˆ, zˆ and σ is the Pauli
matrix. Spin is conserved only in the sense that the to-
tal angular momentum is conserved. The total angular
momentum is associated with the global rotational sym-
metry of the system. If we uplift this global rotational
symmetry to a local one, then these become a subgroup
of the local Lorentz symmetry. Therefore, it is natu-
ral to associate the conserved spin σaˆ to a local Lorentz
generator Σaˆbˆ =
i
4 [γaˆ, γbˆ] as σ
aˆ = aˆbˆcˆΣbˆcˆ, where 
aˆbˆcˆ is
anti-symmetric tensor taking ±1 defined on the spatial
part of the local Lorentz indices, i.e., aˆ, bˆ, cˆ of aˆbˆcˆ takes
only xˆ, yˆ, zˆ. Furthermore, since the spin connection ω aˆbˆµ
is a gauge field associated with the local Lorentz sym-
metry, it is natural to associate it to the conserved spin
current Jµ
aˆbˆ
, as equation (2).
Therefore, we reach a conclusion that a spin current is
given by a variation of an action with respect to a spin
connection as
Jµ
aˆbˆ
=
δS
δω aˆbˆµ
. (6)
From now on, the hatted indices aˆ, bˆ, · · · represent the
local Lorentz indices, so they stand for tˆ, xˆ, yˆ, zˆ. Greek
indices µ, ν, · · · stand for curved spacetime vector indices.
The spin connection is written in terms of a vielbein e aˆµ
as
ω aˆbˆµ = e
aˆ
ν ∇µeνbˆ = e aˆν ∂µeνbˆ + e aˆλ Γλµνeνbˆ
= − e bˆν ∇µeνaˆ = −ω bˆaˆµ , (7)
where Γλµν stands for the Christoffel symbol, and the viel-
bein e aˆµ satisfies gµν = ηaˆbˆ e
aˆ
µ e
bˆ
ν , with the local Lorentz
metric ηaˆbˆ = diag(−1, 1, 1, 1).
Usually, we call the following current as a spin current
Jµaˆ = 0ˆaˆbˆcˆJµ
bˆcˆ
, (8)
rather than the former one Jµ
aˆbˆ
. Here we use the conven-
tion 0ˆ1ˆ2ˆ3ˆ = 1. One can easily see that the definition (8)
is consistent with, for example, the standard free fermion
spin current. To see this, let us consider the generic form
of a fermionic Lagrangian on a curved space, which is
given by
LF = ψ¯
[
ieµaˆγ
aˆ
(
∂µ − iAµ − i
2
ω aˆbˆµ Σaˆbˆ
)
−m
]
ψ . (9)
From this, we have the spin current by differentiating it
with the spin connection,
Jµ
aˆbˆ
=
1
2
ψ¯γµΣaˆbˆψ −→ Jµaˆ =
1
2
ψ¯γµ(σaˆ ⊗ 1)ψ. (10)
This is regarded as a current carrying aˆ-direction spin.
We can see that the zero-th component correctly gives
the spin density
J0aˆ = ψ
†(saˆ ⊗ 1)ψ. (11)
In this way, we have seen that the definition (8) is con-
sistent with the conventional one for the spin current.
However it is more convenient to consider Jµ
aˆbˆ
as a spin
current, since Jµaˆ defined in equation (8) is not local
Lorentz invariant tensor. This is because 0ˆaˆbˆcˆ tensor
takes explicit index component 0ˆ.
The conservation of the spin current Jµ
aˆbˆ
∂µJ
µ
aˆbˆ
= 0 (12)
3is associated with the local Lorentz invariance, and the
spin current Jµ
aˆbˆ
couples to the source term ω aˆbˆµ in the
Lagrangian as Lsource = ω aˆbˆµ Jµaˆbˆ.
Precisely speaking, what we define above is “total an-
gular momentum” current, rather than “spin” current.
Note that only the total contribution of the angular mo-
mentum current, coming from both the orbital and the
spin angular momentum, is conserved. A difficulty in
dealing with spin transport phenomena is in the defini-
tion of the spin current, because the intrinsic spin is not
conserved solely but rather conserved as a whole angular
momentum. Therefore the spin current, by itself, can-
not be introduced as a conserved No¨ther current at least
in the relativistic limit. Thus, in this sense, the spin
current defined above is slightly different from the con-
ventional definition of the spin current often used in the
non-relativistic condensed-matter system, which includes
the contribution of only the intrinsic electron spin.
We will also point out that it is possible that the or-
bital contribution gives only a sub-leading contribution,
in the non-relativistic limit. This is because the orbital
angular momentum includes the spatial momentum as
~L = ~x × ~p. Thus, by taking an appropriate limit, the
spin current, defined as a conserved one, may provide a
good description of the spin transport. We will discuss
how we take the non-relativistic limit a bit more in detail
in the discussion later.
There is a number of attempts to define the spin cur-
rent in the literature. The original idea of using the spin
connection as a source to obtain a spin current is found in
Refs. [15, 16], especially in 2 + 1 dimensions. In Ref. [15]
the authors treated the space and time separately and
broke the Lorentz invariance explicitly. Another attempt
to define a spin current is performed by introducing an
SU(2)-valued gauge field, coupled to a spin degrees of
freedom, in addition to a U(1) electromagnetic field [17–
19]. This SU(2) symmetry can be seen as a remnant
of the local Lorentz symmetry, which is decomposed as
SO(1, 3) ∼= SU(2) × SU(2) in 3 + 1 dimensions. How-
ever, since these SU(2) are not decoupled except for the
massless case, it is difficult to define the spin current as
a conserved current only with the SU(2) gauge field. Ac-
tually, this SU(2) symmetry is broken in the presence of
the spin-orbit interaction.
Holography
Given the spin current definition in terms of spin
connection, in order to study the spin current by the
gauge/gravity duality scheme, we will evaluate the fluc-
tuation mode of the spin connection. Note that holog-
raphy induces one extra coordinate, i.e., a radial direc-
tion. So in the gravity side, the local Lorentz index runs
as aˆ = tˆ, xˆ, yˆ, zˆ and rˆ. Similarly the vector index runs
µ = t, x, y, z, r.
Before studying a component of the spin connection
corresponding to a spin current in a spatial direction, we
analyze a temporal component of a spin current J xˆyˆt ,
as an example. This term couples to ω xˆyˆt . When the
background metric is diagonal, the static contribution is
calculated as
δω xˆyˆt =
1
2
exxˆeyyˆ
(
∂yδgtx − ∂xδgty
)
. (13)
Here we apply a gauge choice e aˆ6=rˆr = grµ6=r = 0. From
the indices, it is clear that this represents a rotation
of a metric fluctuation in the xy-plane. In terms of
the gauge/gravity duality, the non-normalizable mode
of this component is regarded as a chemical potential
for zˆ-component of the total angular momentum, i.e.,
ωxˆyˆt (NN) =
1
2µ
zˆ, where the index (NN) represents the
non-normalizable mode [32]. This chemical potential is
naively interpreted as the difference between those for
up- and down-spins, µzˆ = 12 (µ↑ − µ↓). The zˆ-component
spin density J zˆt corresponds to the normalizable mode
of ωxˆyˆt (N) in the holographic viewpoint, where the index
(N) represents the normalizable mode.
Similarly, let us study a fluctuation of the spin con-
nection along the x-spatial direction, ω xˆyˆx . This corre-
sponds to a spin current J xˆyˆx =
1
2J
zˆ
x , i.e., zˆ-oriented
“spin” flows along x direction. Here we can see that
we need to turn on some of the off-diagonal elements of
the background metric, in particular gtx and gty, which
correspond to non-vanishing off-diagonal contributions of
vielbeins, e xˆt and e
yˆ
t . To see this, assuming that the
fluctuation depends only on r and t directions, we obtain
δω xˆyˆx = −
1
2
etxˆeyyˆ∂tδgxy +
1
2
exxˆetyˆ∂tδgxx. (14)
From this expression one can see that the off-diagonal
components of the metric, e xˆt and e
yˆ
t , or equivalently
gtx and gty, are required in order to give the spin current
J zˆx . A physical meaning of this condition is discussed
later.
Example: “boosted” black brane
So far we have considered a boundary theory in 3 + 1
(xˆ, yˆ, zˆ and tˆ) dimensions. However, even if the boundary
theory is 2 + 1-dimensional, none of our argument so far
is modified since 2+1-dimensional theories still admit a
spin along the “z”-direction; Here “z”-direction is simply
the (aˆ, bˆ) = (xˆ, yˆ) component, J xˆyˆµ . We will conduct a
calculation of the spin current in a holographic setting,
but for simplicity of the calculation in the bulk, we con-
sider a bulk theory in 3+1 dimensions, which corresponds
to a boundary theory in 2+1 dimensions.
We demonstrate a calculation of the transport coeffi-
cients for spin with the simplest holographic setup, i.e.,
pure gravity in 3+1 dimensions,
S = Sbulk + Sboundary , (15)
Sbulk =
∫
d4x
√−g (R[g]− 2Λ) , (16)
Sboundary = 2
∫
d3x
√−γΘ , (17)
4where the cosmological constant is Λ = −3, and γµν is
the boundary metric, defined by the metric components
along the boundary dimensions. Θ is a scalar defined
with the extrinsic curvature Θµν = − 12 (∇µnν +∇νnµ),
as Θ = γµνΘ
µν . nµ is outward unit vector pointing along
the radial direction. This boundary action is to provide
a well-defined Dirichlet variational principle. In addi-
tion, we have to also take into account another counter
term, called the cosmological counter term, which de-
pends on the intrinsic curvature of the boundary [20].
Although this counter term is important for the regula-
tion of the boundary stress tensor, it is known that the
correct boundary stress tensor, involving the contribution
from the cosmological counter term, can be read-off sim-
ply from the normalizable modes of the metric [21]. As
explained later, we will study the spin current in terms
of the stress tensor based on the relation between the
spin connection and the metric, and furthermore we will
read-off the boundary stress tensor from the normaliz-
able modes. Therefore, we just apply the argument for
the stress tensor, instead of taking the variation with the
spin connection without worrying about the cosmological
counter term.
We study metric fluctuations around a “boosted”
Schwarzschild black brane solution in AdS4,
ds2 = −U(r)dt2 + 1
U(r)
dr2 + r2dy2
+(r2 − a2U(r))dx2 − 2aU(r)dtdx (18)
with U(r) = (r3 − r30)/r. r = r0 is the horizon while
r = ∞ is the boundary. r0 is related to the tem-
perature T as T = 3r0/4pi [33]. This metric was ob-
tained by a coordinate transformation t → t + ax on
the AdS-Schwarzschild solution, and it suffices our pur-
pose since it includes the off-diagonal metric element gtx.
We can check that this satisfies the Einstein equation
Rµν − 12gµνR+ Λgµν = 0, and is not singular for |a| < 1,
and we can consider a > 0 without loss of generality.
Let us perform a fluctuation analysis around the back-
ground solution. Fluctuations we consider are δgty and
δgxy, and we assume the following form for AC fluctua-
tions,
δgty = δgyt =  e
−iωtr2f(r) , (19)
δgxy = δgyx =  e
−iωtr2h(r) . (20)
Then, nontrivial components of the Einstein equation to
linear order in these fluctuations, O(), are found to be
just the ty-component, the ry-component and the xy-
component. The other components of the Einstein equa-
tion turn out to be trivially satisfied. Among the three
equations, the ry-component provides a constraint
f ′(r) =
(
a+
r3
a(r30 − r3)
)−1
h′(r) . (21)
where ′ is for the r-derivative. With this relation, the ty-
component reduces to a simple equation solely for h(r),
h(r) +
r3 − r30
ω2r3
d
dr
[
(r3 − r30)r4
(1− a2)r3 + a2r30
d
dr
h(r)
]
= 0. (22)
Furthermore, the remaining xy-component of the Ein-
stein equations also reduces to the same equation (22).
So, we just need to solve the equation (22) for h(r), and
relate it to f(r) via the constraint equation (21). This
equation (22), in the limit a = 0, coincides with the equa-
tion for the shear viscosity calculation [22] [34].
Eq. (22) can be written by a new coordinate x ≡ r0/r
as
ω2
r20
h(x) = x2(x3 − 1) d
dx
[
1− x3
x2(1− a2 + a2x3)
dh(x)
dx
]
.(23)
The new coordinate x ranging 0 ≤ x ≤ 1 can make the
boundary analysis easier.
Near the horizon x = 1, we can solve (23) as
h ∝ exp
(
− i
3
ω
r0
log(1− x)
)
, (24)
which amounts to the in-going boundary condition at
the horizon. Note that the equation of motion (23) and
the in-going boundary condition (24) depend on r0 only
through the combination ω/r0. Since T ∝ r0, the tem-
perature dependence is the same as the 1/ω dependence.
This is because the background is a finite temperature
system of an AdS space, namely a scale invariant sys-
tem, and therefore, any non-trivial dependence comes
from only the dimensionless ratio, ω/r0 [35].
Near the boundary x = 0, we have two independent
solutions of (23),
h = h0
(
1− 1
2
γx2 − 1
8
γ2x4 + · · ·
)
, (25)
h = h3
(
x3 + · · ·
)
, (26)
with γ(ω, T ) ≡ (1 − a2)ω2/r20. Here h0 and h3 are in-
tegration constants. We can find that h0 is the non-
normalizable mode while h3 is the normalizable mode.
Consider the bulk action, equation (16), and expand that
around r → ∞ in the background equation (18), with
the fluctuation h(r) and f(r). After using the constraint
(21), we find, to the quadratic order in h(r), the leading
r behavior of the Einstein action is
√−g [R[g]− 2Λ] |r→∞
= (background)− 
2 e−2iωtr4
2(1− a2) h
′(r)2 , (27)
neglecting the boundary terms. From this expression, we
confirm that h ∼ const. is the non-normalizable mode
[36] while h ∼ r−3 is the normalizable mode.
We can also specify the boundary condition for the
other fluctuation f(r). From (21), we obtain
f(x) =
∫ x
1
a(s3 − 1)
a2s3 − a2 + 1
dh(s)
ds
ds+ c, (28)
5where c is an integration constant. Near the horizon
x = 1, h(x) approximated as (24) can give an in-going
wave for f(x) only if c = 0. So we need to put c = 0,
and f(x) is uniquely determined once h(x) is given. The
magnitude f0 of the non-normalizable mode of f(x) can
be read by (28) with c = 0, while the magnitude h3 of
the normalizable mode of f(x) is proportional to that of
h(x) (which is h3), through (28).
Spin current and stress tensor
Let us pose and understand the physical meaning of
the modes we consider above. The spin connection can
be written with the metric, or the vielbein as eq. (7).
This means that the spin current, which is dual to the
spin connection, should be associated with the stress ten-
sor, which is dual to the metric. Therefore we have to
evaluate the spin current by taking into account its rela-
tion to the stress tensor. In other words, the spin current
can be determined by comparing the coefficients appear-
ing in the following relation,
Jµ
aˆbˆ
δω aˆbˆµ = T
ρσδγρσ = δL . (29)
Here L is the Lagrangian of the quantum field theory in
the boundary 2 + 1 dimensions. Note that these metric
and spin connection are defined on the boundary, there-
fore all the indices run without the radial direction. We
have omitted the volume factor
√−γ for simplicity.
To obtain an explicit relation between the spin cur-
rent and the stress tensor, we first need to choose a local
Lorentz frame. Any spin current is dependent on the
choice of the frame. The boundary metric is
gtt = −1 , gtx = gxy = −a , gxx = 1− a2 , gyy = 1 . (30)
These are given by subtracting the scale factor r of the
bulk metric in the limit r →∞. A natural choice of the
local Lorentz frame for the background vielbein consis-
tent with this metric is given by [37]
e tˆt = 1 , e
tˆ
x = a , e
xˆ
x = 1 , e
yˆ
y = 1 . (31)
We turned on the AC fluctuation of the metric given
by equation (19) and (20), and the most generic viel-
bein fluctuations consistent with (19) and (20) is a set
{e yˆt , e yˆx , e tˆy , e xˆy }, which satisfies the two following rela-
tions
e yˆt − e tˆy =  e−iωt+ikxx+ikyyf0 , (32)
e yˆx + e
xˆ
y − ae tˆy =  e−iωt+ikxx+ikyyh0 . (33)
coming from the constraint γµν = e
aˆ
µ e
bˆ
ν ηaˆbˆ. Here we
used Fourier modes as ∼ e−iωt+ikxx+ikyy, and (ω, kx, ky)
is the frequency/momentum for the fluctuations. The
other components of the vielbein are consistently put to
zero in our case.
With this at hand, all nontrivial components of the
spin connection are
δω tˆyˆt = iωe
tˆ
y ,
δω xˆyˆt = −
i
2
kx(e
yˆ
t − e tˆy ) +
i
2
ω(e xˆy − e yˆx + ae tˆy ) ,
δω tˆyˆx = −
i
2
kx(e
yˆ
t + e
tˆ
y ) +
i
2
ω(−e xˆy − e yˆx + ae tˆy ) ,
δω xˆyˆx = −
i
2
kx(2e
xˆ
y + ae
yˆ
t − ae tˆy )
+
i
2
aω(−e xˆy − e yˆx + ae tˆy ) ,
δω tˆxˆy = −
i
2
kx(e
yˆ
t − e tˆy ) +
i
2
ω(−e xˆy − e yˆx + ae tˆy ) ,
δω tˆyˆy = −ikye yˆt ,
δω xˆyˆy = −iky(ae yˆt − e yˆx ) . (34)
Keeping the two relations (32) and (33) satisfied, we
can make a gauge choice of the local Lorentz frame,
e tˆy = e
xˆ
y = 0, and restrict ourselves to homogeneous
fluctuation, kx = ky = 0. In this local Lorentz frame,
the above spin connections are simplified, and all the
nonzero components are
δω xˆyˆx = −
iaω
2
 e−iωth0 , (35)
δω xˆyˆt = δω
tˆyˆ
x = δω
tˆxˆ
y = −
iω
2
 e−iωth0 , (36)
Since h0 is the constant mode of the boundary metric
gxy, it is a source for the boundary stress tensor T
xy,
therefore we obtain the spin current coupled to the spin
connection from this expression as
J xˆyˆx = −
1
a
1
2iω
T xy , (37)
J xˆyˆt = J
tˆyˆ
x = J
tˆxˆ
y = −
1
2iω
T xy . (38)
All the other components, other than each anti-
symmetric partner J bˆaˆµ = −J aˆbˆµ , are zero. These com-
bined with (35) and (36) clearly satisfy (29). J xˆyˆx is the
spin current along x direction, and J xˆyˆt (= J
tˆyˆ
x = J
tˆxˆ
y ) is
the temporal component of the spin current, correspond-
ing to the spin density.
Here we have employed a choice of the local Lorentz
frame e tˆy = e
xˆ
y = 0. However other local Lorentz frame
choices are also possible. Actually, for a certain other
choice of the local Lorentz frame, one can show that the
spin current determined in this way is equivalent to a
popular definition of the angular momentum current M
made by the stress-energy tensor,
Mµνλ ≡ xνTµλ − xλTµν . (39)
Due to this relation, for example, we can obtain the nor-
malizable and non-normalizable modes for the spin con-
nection from those for the metric. Note that this current
is with the target spacetime indices, so in order for this
6to be equivalent to our spin current J , a certain local
Lorentz frame should be appropriately chosen.
To check this explicitly, we consider our case of nonzero
T ty and T xy. We consider a = 0 for simplicity. From the
definition (39), one obtains
M tty = −tT ty , M txy = xT ty, Mxty = −tT xy ,
Mxxy = xT
xy , Mytx = xT
ty − tT xy ,
Myty = yT
ty , Myxy = −yT xy . (40)
One can show that all of these are consistent with the
spin connections (34) only when we choose a local Lorentz
frame at which
e yˆt = −e tˆy , e yˆx = e xˆy (41)
are satisfied. To see this, in this case, (32), (33) become
e yˆt = −e tˆy =
1
2
 e−iωt+ikxx+ikyyf0 =
1
2
δgty , (42)
e yˆx = e
xˆ
y =
1
2
 e−iωt+ikxx+ikyyh0 =
1
2
δgxy , (43)
and (34) becomes
δω tˆyˆt =
1
2
∂tδgty , δω
xˆyˆ
t = −
1
2
∂xδgty ,
δω tˆyˆx =
1
2
∂tδgxy , δω
xˆyˆ
x = −
1
2
∂xδgxy ,
δω tˆxˆy = −
1
2
∂xδgty +
1
2
∂tδgxy ,
δω tˆyˆy = −
1
2
∂yδgty , δω
xˆyˆ
y =
1
2
∂yδgxy . (44)
Therefore the angular momentum current Mµνλ given by
(40) satisfies our previous anticipation (29) with the spin
connection (44) via a partial integration.
The freedom for the local Lorentz frame choice cor-
responds to the freedom for the local choice of the the
axes to define the rotation for the angular momentum.
Note that in any choice of the local Lorentz frame for the
vielbein fluctuations, interestingly, the expression of the
most important spin connection (35) is universal, there-
fore so is (37).
Transport coefficients
h3 is proportional to the spin current J
zˆ
x = 2J
xˆyˆ
x . h0
is proportional to the spin gradient along the x direction
∇xµzˆ, because ∇xµzˆ = 2∇xω xˆyˆt (NN) is gauge equivalent
to −2∇tω xˆyˆx (NN) = 2iω ω xˆyˆx (NN).
f0 corresponds to the thermal gradient along the y
direction due to the relation iωδg
(NN)
ty = r
2∇yT/T [38].
f3 corresponds to a thermal current along the y direction,
since δg
(N)
ty is dual to the stress-tensor, δg
(N)
ty = Tty.
From these, we can evaluate the spin transport coef-
ficient α, and the thermal spin Hall conductivity κsH,
defined as
J zˆx = −α∇xµzˆ, J zˆx = −κsH∇yT . (45)
Using holography, these coefficients are represented by
normalizable (N) and non-normalizable modes (NN) as
α = − J
xˆyˆ
x
iωδω xˆyˆx (NN)
=
h3
ia2ω3h0
, (46)
κsH = − 2J
xˆyˆ
x
iωTδg
(NN)
ty /r
2
= − h3
aω2Tf0
. (47)
As we have seen, the ratio h3/h0 and h3/f0 are functions
of only ω/T , in equations (23), (24) and (28). We obtain
these, by solving the bulk equation and imposing the in-
going boundary condition at the horizon, and the radial
r dependence of the bulk equation is reflected as ω/r0
dependence in the boundary viewpoint.
Actually the sources (h0, f0) and the expectation val-
ues (h3, f3) are related by a 2 by 2 matrix, and the coef-
ficients α and κsH are just upper 2 elements of this 2 by
2 matrix. However, as we have seen, in our system it fol-
lows f3 = (a− 1/a)−1h3 due to the relation (21), where
f3 is the normalizable mode coefficient for f(r), just as
h3 in the equation (26). Therefore, the ratio f3/f0 and
the ratio f3/h0 are essentially the same as h3/f0 and the
ratio h3/h0.
We have evaluated these transport coefficients by a nu-
merical method for solving the differential equation (23).
By varying the frequency ω, we find the AC conductivi-
ties as shown in Fig. 2 [39].
For the numerical simulations, we have worked in the
unit T = 1 and chosen a = 0.03, a = 0.5 and a = 0.9 for
simplicity. The top figure of Fig. 2 is the spin transport
coefficient α. This is the coefficient on the spin current
J zˆx as a response to the AC external gradient of the spin
chemical potential µzˆ. The bottom figure of Fig. 2 is
the thermal spin Hall conductivity κsH. In both figures,
the transport coefficients are multiplied by a2ω2 to show
the ω/T dependence clearly. From the figures, we find
that the imaginary parts ×ω2 vanish linearly at ω = 0,
so around the origin the imaginary parts behave as 1/ω.
This means that in the real parts there exists a Drude
peak proportional to δ(ω) often observed in supercon-
ducting/metal phases. We also see specific behavior of
the thermal spin Hall conductivity, changing the sign of
the transport coefficient as the frequency gets larger. It
is quite interesting to observe such frequency dependence
by experimental or other theoretical setups.
On the spin current definition
We have evaluated the spin current following the re-
lation (29). However, (29) is not necessarily the same
as our definition of the spin current (6). We will now
discuss that the spin current evaluated by the definition
(6) yields zero value, using the action (15) [40]. This is
the reason why we need to relate the spin current to the
stress tensor as (29) which we have used in this paper.
To obtain the spin current following the definition (6)
in holography, note that (6) means that we have to dif-
ferentiate the action (15) with the boundary spin con-
nection, which is defined by the spin connections along
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FIG. 2: Top: the spin transport coe cient ↵ as a function
of the frequency over the temperature, !/T . Large dots are
the real part Re[↵], and small dots are the imaginary part
Im[↵]. Blue, red and green correspond to a = 0.03, 0.5 and
0.9, respectively. Bottom: the thermal spin Hall conductivity
sH as a function of !/T .
along the boundary directions. The contribution coming
from a variation of the bulk action (16) by the boundary
spin connection, vanishes by using the bulk equations of
motion. Thus the contribution to the spin current comes
from a variation of the boundary action (17) only. How-
ever we will see that this contribution also vanishes.
Whenever we take a variation, we have to fix all the
other quantities. In this case, we regard each of the
boundary spin connection component as an independent
degree of freedom, and then, we take a variation of the ac-
tion by that, while keeping all the other quantities, which
include metric, fixed. In this formulation, each spin con-
nection component is an independent degree of freedom
from the metric; The independent degrees of freedom are
metric and spin connection. In fact, we can formulate
general relativity in such a way, by i.e., so-called Pala-
tini formulation of gravity. However this procedure turns
out to give a vanishing spin current.
To see this, let us conduct a variation of the bound-
ary action (17) by the boundary spin connection. The
extrinsic curvature ⇥ is written with the normal vec-
tor nµ as ⇥ =   µ⌫rµn⌫ . In the Palatini formalism,
the boundary metric  µ⌫ and the boundary spin connec-
tion are independent, therefore, the contribution form
the boundary action variation yields
Jµ
aˆbˆ
=  2 ⇢    
⌘
⇠ 
 ! aˆbˆµ
 (r⇢n )
  ⌘⇠ 
=  2eµaˆe⌫bˆn⌫ . (48)
Since n⌫ 6= 0 only when ⌫ = r and erbˆ 6= 0 only when bˆ =
rˆ, there is no spin current on the boundary. This shows
that the spin current evaluated by the Palatini formalism
vanishes [41]. In order to obtain a non-vanishing spin
current, we should not regard the metric and the spin
connection as independent degrees of freedom. We need
to modify our definition of the spin current (6) slightly.
Therefore in this paper, we do not regard the spin con-
nection as an independent variable, but associate it with
the metric. This further implies that our spin current,
which is dual to the spin connection, should be associ-
ated with the stress tensor, which is dual to the metric.
In the Palatini formalism, the relation (7) comes from the
equation of motion for the spin connection. Therefore we
have evaluated the spin current by taking into account
its relation to the stress tensor as (29) in this paper.
Discussions : Spin vs angular momentum
In this paper, we have investigated the spin transport
phenomena from the view point of gauge/gravity corre-
spondence. We have introduced the proper definition of
the spin current, as a conserved No¨ther’s current, which
couples naturally to the spin connection.
We have analyzed the AdS Schwarzschild black brane
geometry as a simple example to demonstrate how to
study the spin transport in the context of the hologra-
phy. We have calculated the spin transport coe cient ↵
and the thermal spin Hall conductivity sH by studying
the fluctuations of the metric components. We have ob-
tained the corresponding transport coe cient from the
non-normalizable and normalizable modes propagating
in the bulk gravity.
Let us comment on a physical meaning of the holo-
graphic analysis done in this paper. We have seen that
the o↵-diagonal metric component for the background,
i.e., gtx(= gxy), is required for giving the spin current.
Note that if there is such a component in the background
geometry, that leads to a constant energy flow coupled to
gtx. By applying the fluctuation  gty in addition to the
background flow, we should have an angular momentum
current in x-direction as shown in Fig. 3. It seems that
our spin current almost corresponds to the orbital part
of angular momentum.
However, at least from the relativistic theoretical view-
point, we cannot split the total angular momentum into
contributions from orbital and intrinsic spin; Spin is
originally defined in the non-relativistic system, where
the Lorentz invariance is broken and we should treat
space and time separately. Since in this paper we have
considered the “total angular momentum” current de-
fined in relativistic field theory, in order to really discuss
the “spin”-current, we need to take an appropriate non-
relativistic limit of our system. Only after taking that,
we can extrapolate the spin contribution from the total
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FIG. 2: Top: the spin transport coe cient ↵ as a function
of the frequency over the temperature, !/T . Large dots are
the real part Re[↵], and small dots are the imaginary part
Im[↵]. Blue, red and green correspond to a = 0.03, 0.5 and
0.9, respectively. Bottom: the th rmal spin Hall conductivity
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along the boundary directions. The contribution coming
from a variation of the bulk action (16) by the boundary
spin connec , vanishes by us ng the bulk equatio s of
motion. Thus the contribution to the spin current c mes
from a variation of the boundary action (17) only. How-
ever we will see that this contribution also vanishes.
Whenever we take a variation, we have to fix all the
other quantities. In this case, we regard each of the
boundary spin connection component as an independent
degree of freedom, and then, we take a variation of the ac-
tion by that, while keeping all the other quantities, which
include metric, fixed. In this formulation, each spin con-
nection component is an independent degree of freedom
from the metric; The independent degrees of freedom are
metric and spin connection. In fact, we can formulate
general relativity in such a way, by i.e., so-called Pala-
tini formulation of gravity. However this procedure turns
out to give a vanishing spin current.
To see this, let us conduct a variation of the bound-
ary action (17) by the boundary spin connection. The
extrinsic curvature ⇥ is written with the normal vec-
tor nµ as ⇥ =   µ⌫rµn⌫ . In the Palatini formalism,
the boundary metric  µ⌫ and the boundary spin connec-
tion are independent, therefore, the contribution form
the boundary action variation yields
Jµ
aˆbˆ
=  2 ⇢    
⌘
⇠ 
 ! aˆbˆµ
 (r⇢n )
  ⌘⇠ 
=  2eµaˆe⌫bˆn⌫ . (48)
Since n⌫ 6= 0 only when ⌫ = r and erbˆ 6= 0 only when bˆ =
rˆ, there is no spin current on the boundary. This shows
that the spin current evaluated by the Palatini formalism
vanishes [41]. In order to obtain a non-vanishing spin
current, we should not regard the metric and the spin
connection as independent degrees of freedom. We need
to modify our definition of the spin current (6) slightly.
Therefore in this paper, we do not regard the spin con-
nection as an independent variable, but associate it with
the metric. This further implies that our spin current,
which is dual to the spin connection, should be associ-
ated with the stress tensor, which is dual to the metric.
In the Palatini formalism, the relation (7) comes from the
equation of motion for the spin connection. Therefore we
have evaluated the spin current by taking into account
its relation to the stress tensor as (29) in this paper.
Discussions : Spin vs angular momentum
In this paper, we have investigated the spin transport
phenomena from the view point of gauge/gravity corre-
spondence. We have introduced the proper definition of
the spin current, as a conserved No¨ther’s current, which
couples naturally to the spin connection.
We have analyzed the AdS Schwarzschild black brane
geometry as a simple example to demonstrate how to
study the spin trans ort in the context of the hologra-
phy. We have calculated the spin tra sport coe cient ↵
and the thermal spin Hall conductivity sH by studying
the fluctuations of the metric components. We have ob-
tained the corre ponding transport c e cient from the
non-normalizable and normalizable mod s propagating
i the bulk gravity.
Let us commen on a physical meaning of the holo-
graphic analysis done i this paper. We have seen that
the o↵-diagonal metric component for the background,
i.e., gtx(= gxy), is required for giving the spin current.
Note that if there is such a component in the background
geometry, that leads to a constant energy flow coupled to
gtx. By applying the fluctuation  gty in addition to the
background flow, we should have an angular momentum
current in x-direction as shown in Fig. 3. It seems that
our spin current almost corresponds to the orbital part
of angular momentum.
However, at least from the relativistic theoretical view-
point, we cannot split the total angular momentum into
contributions from orbital and intrinsic spin; Spin is
originally defined in the non-relativistic system, where
the Lorentz invariance is broken and we should treat
space and time separately. Since in this paper we have
considered the “total angular momentum” current de-
fined in relativistic field theory, in order to really discuss
the “spin”-current, we need to take an appropriate non-
relativistic limit of our system. Only after taking that,
we can extrapolate the spin contribution from the total
FIG. 2: Top: the spin transport coefficient α as a function
of the frequency over the temperature, ω/T . Large dots are
the real part Re[α], and small dots are the imaginary part
Im[α]. Blu , red a green correspond to a = 0.03, 0.5 and
0.9, respectively. Bottom: the thermal spin Hall conductivity
κsH as a function of ω/T .
the boundary directions. The contribution coming from
a variation of the bulk action (16) by the boundary spin
connection, vanishes by using the bulk equations of mo-
tion. Thus the contribution to the spin current comes
from a variation of the boundary actio (17) only. H w-
e er we will see that this contribution also vanishes.
Whenever we take a variation, we have to fix all the
other quantities. In this case, we regard each of the
boundary spin connection components as an independent
degree of freedom, and then, we take a variation of the ac-
tion by that, while keeping all the other quantities, which
include metric, fixed. In this formulation, each spin con-
nection component is n independent degree f freedom
from the metric; The independent degrees of freedom are
metric and spin connection. In fact, we can formulate
general relativity in such a way, by i.e., so-called Pala-
tini formulatio of gravity. Howev r this procedure tur s
out to give a vanishing spin current.
To see this, let us conduct a variatio of the bound-
ary action (17) by the boundary spin connection. The
extrinsic curvature Θ is written with the normal vec-
tor nµ as Θ = −γµν∇µnν . In the Palatini formalism,
the boundary m tric γµν an the boundary spin connec-
tion are independent, therefore, the contribution form
the boundary action variation yields
Jµ
aˆbˆ
= −2γρσ δΓ
η
ξλ
δω aˆbˆµ
δ(∇ρnσ)
δΓηξλ
= −2eµaˆeνbˆnν . (48)
Since nν 6= 0 only when ν = r and erbˆ 6= 0 only when
bˆ = rˆ, there is no spin current on the boundary. This
shows that the spin current evaluated by the Palatini
formalism vanishes [41]. To obtain a non-vanishing spin
current, we should not regard the metric and the spin
connection as independent degrees of freedom. We need
to modify our definition of the spin current (6) slightly.
Therefore in this paper, we do not regard the spin con-
nection as an independent variable, but associate it with
the metric. This further implies that our spin current,
which is dual to the spin connection, should be associ-
ated with the stress ten or, w ich is dual to t e metric.
In the Palatini formalism, the relation (7) comes from the
equation of motion for the spin connection. Therefore we
have evaluated the spin current by taking nto acco nt
its relation to the stress tensor as (29) in this paper.
Discussio s : Spin vs angular momentum
In this paper, we have investigated the spin transport
phenomena from the view point of gauge/gravity corre-
spondence. We have introduced the proper definition of
the spin current, as a conserved No¨ther’s current, which
couples naturally to the spin connection.
We have analyzed the AdS Schwarzschild black brane
geometry as a simpl example to emons rate h w to
study the spin transport in the context of the hologra-
phy. We have calculated the spin transport coefficient α
and the thermal spin Hall conductivity κsH by studying
the fluctuations of the metric components. We have ob-
tained the corresponding transport coefficient from the
non-normalizable and nor alizable mod s propagating
in the b lk gravity.
Let us comment on a physical meaning of the holo-
graphic analysis done in this paper. We have seen that
the off-diagonal metric component for the background,
i.e., gtx(= gxy), is required for giving the spin current.
Note hat if there is such a compo ent in the background
geometry, that leads to a constant energy flow coupled to
gtx. By applying the fluctuation δgty in addition to the
background flow, we should have an angular momentum
current in x-direction as shown in Fig. 3. It seems that
our spin current almost corresponds to the orbital part
of angular momentum.
Howev r, at least from the relativistic the retical view-
point, we cannot split the total angular momentum into
contributions from orbital and intrinsic spin; Spin is
originally defined in the non-relativistic system, where
the Lorentz inv riance is broken and we should treat
space and time separately. Since in this paper we have
conside ed the “total angular momentum” current de-
fined in relativistic field theory, in order to really discuss
the “spin”-current, we need to take an appropriate non-
relativistic limit of our system. Only after taking that,
8FIG. 3: When the off-diagonal background metric gtx, namely
a constant energy flow in x-direction, is turned on, the angu-
lar momentum current as a spin current J zˆx is induced by
applying the fluctuation δgty.
we can extrapolate the spin contribution from the total
angular momentum current, and we can discuss if the or-
bital contribution gives only a sub-leading contribution
or not.
The non-relativistic limit of relativistic conformal field
theories is obtained by taking the discreet light-cone
quantization (DLCQ). This limit reduces the boundary
metric from AdS into the following form [23–27]
ds2 = −r2z(dx+)2 + dr
2
r2
+ 2r2dx+dx− + r2d~x2 , (49)
where x+ is the light front time, r is the holographic ra-
dial direction as before. x− is a new direction associated
with the boost direction and we compactly x− ∼ x−+R,
and has an interpretation as “dual” to the conserved par-
ticle number since P− is quantized as N/R, where N is
particle number. z is called “dynamical exponent” and
represents the difference of the scaling between time x+
and spatial coordinate ~x.
For example, starting from a boundary theory which is
3+1 dimensional, we can obtain a 2+1-dimensional non-
relativistic theory where we can identify x+ = t + x3
and x− = t− x3. This metric possesses the Schro¨dinger
symmetry for the z = 2 case.
Taking this DLCQ limit, or simply replacing the
boundary metric from AdS into the above, is not enough
for extracting the spin information, since spin is not a
conserved quantity by itself even here, and only the total
angular momentum is a conserved one. To eliminate the
contribution of the orbital angular momentum, it is best
to consider a setting where the momentum of the particle
is suppressed, namely an insulator. The insulator is re-
alized as a system which has an energy gap. The energy
gap is reflected in a holographic setting in the bulk as a
system which has an IR cut-off, like the confinement in
holographic QCD. The hard wall model is the simplest
setting to realize the mass gap and therefore this would
lead one to a system which has an asymptotic metric as
(49) and has an IR cut-off. Such a bulk set-up is good
for us to study the spin-transport phenomena and it is
interesting to see how the orbital contribution and the
real ‘spin’ contribution to our total spin current, after
taking the non-relativistic limit.
In this paper, we considered only the spin-current in-
duction by the spin-current potential and also thermo-
potential, but not the one induced by an electric field.
In real experiments, it is more often to consider the spin
current induced by some external electric field, so this
forces us to consider a bulk action coupled to the electro-
magnetic field. Adding impurity effects [7, 13, 28, 29] is
also important. We hope to return to these analyses in
the near future.
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